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Abstract 
 
This article contributes to a better understanding of the risks involved in a life 
annuity investment. We examine the distribution of weighted annuity benefits 
and assess various measures of dispersion such as the coefficient of variance. In 
particular, we quantify the standard deviation about the expected value, thereby 
extending the usefulness of the popular money’s worth framework for annuity 
valuation. The effort toward a more detailed and more accurate risk picture of 
investing in annuities enables retirees to differentiate among products that may 
appear seemingly uniform in terms of money’s worth, but vary widely in terms 
of their risk attributes.  
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Introduction 
Recent pension reform efforts in defined contribution retirement systems often explore 
ways to increase retiree participation in lifetime income options such as payout annuities. In 
addition to hedging longevity risk, life annuities may offer retirees attractive financial returns. 
An extensive literature which uses the “money’s worth” metric to evaluate the financial value of 
annuities consistently finds high valuations. 
 The money’s worth ratio (MWR) is the expected return to the annuity purchaser per 
premium dollar invested. 1  Earlier studies estimate this value to be about 0.93 – 0.99 for 
annuitants in U.S. and U.K. voluntary markets (Mitchell et al, 1999; Finkelstein and Poterba 
2002, 2004).  Cannon and Tonks (2002) find that MWR estimates in the UK stayed within a 
band of 0.90 and 1.10 over a 30-year period (1972 – 2002) despite fluctuations due to interest 
rate movements. They conclude that the result is “surprising” as it suggests that not only are 
annuities fairly priced on average, they are at times more than fairly priced. Similarly, James and 
Song (2004) report “surprisingly high” MWR values in various annuity markets, including 
Canada, Switzerland, Australia, Israel, Chile, and Singapore – estimates exceed 0.95 in most 
countries and are sometimes greater than unity for an average annuitant.  
It is difficult to reconcile these exceptionally high valuations with the fact that life offices 
need to cover expenses and generate some profit. Some studies have suggested that high MWR 
estimates may be attributed to aggressive pricing practices arising from increased competition in 
annuity markets or decreased investment risk to life offices (Poterba and Warshawsky 2000). 
Other researchers observe that current interest rate environments are much lower than historical 
norms, so using low interest rate assumptions inflate MWR values (Fong et al 2011; Mitchell et 
                                                          
1 More formally, the money’s worth ratio is defined as the ratio of the expected present discounted value of the 
(uncertain) future payment stream associated with an annuity product to the product’s purchase price (or premium 
invested). See Brown et al (1999) for an overview of the money’s worth valuation framework. 
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al 1999).2 There seems to be no consensus on whether the money’s worth ratio can exceed unity, 
and if so how to interpret it. Poterba and Warshawsky (2000) opine that MWR ≥ 1 is “likely to 
be unattainable” since it would not allow for any insurer administrative costs, but others believe 
that it may still be consistent with profit-making life offices (e.g. James and Song 2004).3  
This article emphasizes another dimension of the annuity investment that the existing 
literature on money’s worth has yet to consider: risk and volatility. We argue that it is necessary 
to consider the entire weighted distribution of annuity benefits, instead of focusing exclusively 
on its expected value, the numerator of the MWR metric. For instance, if the weighted 
discounted benefits are spread over a large range of values, the overall financial attractiveness of 
annuities may be less than what the MWR indicates. Hence quantifying the extent of volatility in 
a life annuity investment is an important empirical next step in extending the money’s worth 
valuation framework. 
We specify a new algorithm for annuity valuation in order to calculate higher-order 
moments from the distribution of weighted discounted benefits.4 The distribution features two 
components: death probabilities (i.e. the weights) and cumulative discounted benefits at each 
possible death age; volatility is determined by their interaction. For example, if there are higher 
chances of death at points where the cumulative discounted benefit is far from its mean, volatility 
will be high. While death probabilities are determined by life tables, variability in cumulative 
                                                          
2 Mitchell et al (1999) highlight that the two explanations may be linked because when interest rates are low and 
stable, life offices can potentially price nonparticipating annuities more competitively with other fixed-income 
investments as less contingency funds will be required for annuity pricing. Many studies also attempt to ascertain 
whether refinements to interest rate and mortality inputs will help lower money’s worth estimates. For example, 
risky bond yields (which arguably better reflects a typical insurance company’s portfolio risk) are used in lieu of the 
risk-free term structure of interest rates; nonetheless such sensitivity analyses only find small declines in annuitant 
MWR estimates in the order of 8 - 12% (James and Song 2004; Mitchell et al 1999).   
3 James and Song (2004) provide some evidence that insurance companies cover their costs through risk and term 
intermediation, earning spreads between the risk-free and risky rate, and also between the term structure of interest 
rates and the longer term rates in which they invest. 
4 While this algorithm features an actuarial construct, it is nonetheless compatible with the standard money’s worth 
methodology. See the Appendix. 
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discounted benefits over the lifetime of the annuitant depends on aspects of the annuity contract.5 
We quantify measures of dispersion (standard deviation, coefficient of variation) and skewness 
to facilitate annuity decision-making and comparisons across different insurance products. 
Our study also relates to the growing body of literature on encouraging greater financial 
literacy among retirees. Evidence of low levels of financial knowledge among older adults is 
abundant; for example, Christelis, Jappelli, and Padula (2010) show that respondents from the 
Survey of Health, Aging and Retirement in Europe score poorly on financial numeracy and 
literacy scales. Similarly, Lusardi and Mitchell (2008) find that many older Americans above age 
50 cannot perform simple interest-rate calculations nor do they understand inflation or risk 
diversification. In particular, one common explanation for the small size of private annuity 
markets worldwide and limited consumer interest is that annuities are complicated financial 
products that many individuals do not understand. 
Our analysis seeks to help less financially sophisticated individuals better understand 
their (typically irreversible) annuity investment by asking critical questions like: “How long do I 
need to live to in order for the discounted benefits to exceed my initial outlay? On average, what 
is the chance that I will lose or win on the deal?” The answers to these questions, accompanied 
by visual Net Present Value plots, can offer a more layman perspective into complex annuity 
contracts. As policymakers strive to encourage higher annuitization rates among retirees, such 
tools may be valuable in various public outreach and financial education programs. 
This article uses publicly-available data from annuity policies available in 2007 and 
policies offered in 2009, under the Singaporean national provident fund.  The Central Provident 
Fund (CPF) of Singapore has recently rolled out a mandatory government annuity scheme to 
better protect retirees against the possibility of outliving their wealth. Plan participants can 
                                                          
5 For example, the annuity payout structure (e.g. level or escalating) or the presence of guarantee features. 
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choose from four government-offered annuity products, which appear to have crowded out 
private providers. Fong et al (2011) evaluate the money’s worth of the same set of annuities 
(except for the 2009 NTUC Income product), and find that a retiree in Singapore is able to 
purchase private longevity protection from commercial insurers in 2007 on competitive terms. 
Average MWR is around 0.947 (males) and 0.955 (females); adverse selection costs are 
estimated to be low, around 4 percentage points. The newly-launched government annuities in 
2009 are estimated to have MWRs exceeding unity. 6  The authors also introduced several 
refinements to the money’s worth literature, such as a term to account for guarantees in value-
protected annuities and improved mortality assumptions in terms of fractional ages. We build on 
Fong et al (2011) by assessing whether and how the pension annuities differ in terms of their risk 
attributes, especially among the four new government-offered annuities which have seemingly 
uniform MWR values. Our results should be of interest to administrators considering default (or 
mandatory) annuitization under their defined contribution pension systems, and to policymakers 
debating the possibility of operating a national government annuity pool.  
 
Overview of the Singapore Social Security System 
Singapore is a country that is aging very rapidly because of longer life expectancies and 
low birth rates. The 2011 life expectancy estimate of Singaporeans is 82.1 years, trailing only 
Japan among countries with a population exceeding four million (CIA, 2011). The fertility rate is 
only 1.11, well below the replacement rate of 2.1. As a result, the Singaporean population is 
ageing much faster than in most other affluent countries and providing an adequate standard of 
living to retirees is fast becoming a crucial problem. 
                                                          
6 Specifically, the study find MWR estimates for the four government-offered annuities to be in the range of 1.240 – 
1.315, and rationalize that it could be due to an aggressive pricing strategy to create public buy-in for the new 
annuitization mandate, while noting that the CPF Board has latitude to vary future payouts. 
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The primary social security tool in Singapore is a national, mandatory defined 
contribution pension scheme called the Singapore Central Provident Fund (CPF).  It is premised 
on the principle of self-reliance, and is fully funded by employers and employees since its 
inception in 1955. Half a century later, the CPF has evolved into a comprehensive social security 
system covering 3.5 million CPF members, of whom 1.71 million were active as of March 2011. 
Both employees and employers are required to make monthly contributions (up to an earnings 
cap) to the employee's individual CPF account. The current contribution rate for employees 
below age 50 is 20% of the employee's gross salary for employees and 15% for employers. The 
contributions are distributed into three accounts: an Ordinary account, a Special account, and a 
Medisave account. Although a certain portion of the savings is earmarked for old-age protection, 
the scheme allows withdrawals (within prescribed limits) prior to retirement, for purposes such 
as healthcare, home ownership, insurance purchase, education, and investment. 
Provision for insurance plays an important role under the CPF framework. Initial 
offerings primarily focused on life / disability and health insurance (see Table 1). For example, 
the Dependents' Protection Scheme and Home Protection Scheme were set up to protect 
dependents in the event the insured member become permanently incapacitated or die. 
MediShield insures against high medical costs incurred from prolonged or serious illnesses. In 
recent years, two new schemes relating to old-age insurance were introduced. Launched in 2002, 
ElderShield is a disability insurance scheme providing monthly cash payouts to help defray out-
of-pocket expenses for those needing long-term care. Our research focuses on CPF LIFE 
(Lifelong Income scheme For the Elderly), the latest addition to the various insurance schemes, 
which was set up specifically to address the challenges of a rapidly ageing population. 
Table 1 
Various Insurance Schemes under the Singaporean Retirement System 
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Type of 
insurance 
Description CPF Board / Commercial 
insurance providers 
Life/disability Dependents' Protection Scheme – Term insurance 
providing insured members and their families with some 
money to get through the first few years in the event the 
insured member become permanently incapacitated or die. 
(Worldwide coverage for a maximum sum assured of 
S$46,000 up to age 60). 
The Great Eastern Life Assurance; 
NTUC Income Insurance 
Cooperative. 
Life/disability Home Protection Scheme – helps reduce outstanding 
housing loan on public housing (flats) should the insured 
member become permanently incapacitated or die. 
Protects members from losing their home. 
Administered by CPF Board. 
Health MediShield – individual, catastrophic medical insurance 
allowing claims for a portion of hospitalization 
expenditures relating to the treatment of serious illnesses, 
or prolonged hospitalizations in restructured hospitals.  
Administered by CPF Board, with 
enhancement plans offered by 
private insurers (AIA, Aviva, Great 
Eastern Life, NTUC Income, and 
Prudential Assurance). 
Health ElderShield – severe disability/ long-term care insurance 
for older CPF members. CPF members are automatically 
covered under ElderShield when they turn age 40, unless 
they opt out of the scheme.  
Insurers appointed by Ministry of 
Health include Aviva, Great 
Eastern Life, and NTUC Income. 
Longevity CPF Lifelong Income scheme For The Elderly (CPF 
LIFE) – longevity insurance for CPF members above age 
55. Provides a monthly payout starting from the Draw 
Down Age for life, in exchange for a lump-sum premium.  
Members can choose from four 
annuity plans administered by CPF 
Board, or commercial annuities 
(currently only NTUC Income). 
   
 
CPF LIFE is designed to provide lifelong income for the elderly in their retirement, and 
viewed as a significant improvement over the previous drawdown mechanism of 20-year phased 
withdrawals (CPF, 2009a). The first phase of the scheme was launched in Sept 2009 on a 
voluntary opt-in basis. Thus far, more than 60,000 members have signed up under this first phase, 
and committed a total of S$3.6 billion to the scheme (CPF, 2011). The second phase will kick in 
in 2013, and annuitization will be made mandatory for all members turning 55 with at least 
S$40,000 in their CPF retirement accounts. CPF LIFE monies are invested in special 
Government bonds and earn an interest pegged to the yield of the 10-year Singapore Government 
Securities plus 1% to reflect the long-term nature of the contract.   
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 Prior to CPF LIFE, plan participants could annuitize retirement savings by purchasing 
annuities from private insurers. The minimum premium for these commercial contracts was quite 
substantial: increasing from S$70,000 in 2000 to S$117,000 in 2009.7 Thus not everyone could 
afford to annuitize; among those who could afford to annuitize, most stuck with the phased 
withdrawal default. Consequently, approximately only 5% of retiring cohorts purchased a 
commercial annuity for retirement (Fong et al, 2011). Table 2 outlines the monthly annuity 
payouts for commercial annuities in 2007 and 2009.8 In 2007, nine annuities were offered by 
various participating insurers for a CPF-stipulated premium of S$99,600. Level, nominal payout 
averages about S$535 for males and S$493 for females, a difference justified by longer female 
life expectancies. Two of the annuities also promised a non-guaranteed annual bonus payment 
depending on the insurer’s performance. In particular, NTUC Income offered substantially 
higher payouts than the rest due to a higher interest on the guarantee and potential bonus 
payments.9 In 2009, after plans to operate the national longevity pool were announced, almost all 
the commercial insurers exited the CPF platform except for NTUC Income. NTUC’s payouts 
also increased to reflect the higher annuity premium (S$117,000) for that year; a slightly larger 
increase is noted for males. 
 
Table 2 
                                                          
7 This lump-sum annuity premium is determined by the prevailing ‘Minimum Sum’ for that year, which is specified 
by CPF Board as the minimum amount that must be set aside in a member’s retirement account before any CPF 
balances can be withdrawn at age 55. Insurers were free to determine sex-specific payouts and guarantee amounts. 
8 These monthly payouts are identical to those reported by Fong et al (2011), except for the inclusion of the 2009 
NTUC Income annuity. The bonus payment estimates for the HSBC and NTUC Income annuities are also slightly 
revised upwards in this article; Fong et al (2011) applied a 5% per annum projected investment rate of return 
underlying the bonus payments whereas we use 5.25% to be in line with the product prospectus (NTUC 2009).  
9 A home-grown co-operative formed in 1970, NTUC Income, has established itself in Singapore as a leading 
composite insurer offering life, health, general insurance and investment-linked products with total assets of about 
S$20 billion as at end of 2008. NTUC Income’s annual bonus rates had been 1-3.5% historically (NTUC 2009), 
which suggests that future bonus payments are plausible and should be modeled in the annuity pricing.  
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Illustrative Payouts and Premiums for Nominal Life Annuities Offered by Private and Public 
Insurers under the CPF Scheme (S$; various dates) 
 
 2007 2009 
Company / Annuity Male Female Male Female 
Commercial Annuities     
Actual Premium: S$99,600 S$99,600 S$117,000 S$117,000 
Asia Life Assurance 505.47 454.47   
American Int. Assurance (AIA) 530.87 513.94   
Aviva 559.00 507.00   
Great Eastern Life 535.35 484.30   
Great Eastern Life (with 
long term care benefit) 494.26 440.73   
Overseas Assurance Corp. (OAC) 535.35 494.26   
Prudential Assurance 518.44 449.87   
HSBC Insurance# 545.50 529.50   
NTUC Income Co-op# 595.00 561.75 831.13 722.20 
Average 535.47 492.87   
     
CPF LIFE Annuities     
Illustrative Premium: -- -- S$67,000 S$67,000 
LIFE Basic   524 500 
LIFE Balanced   561 520 
LIFE Plus   594 535 
LIFE Income   636 553 
Average   578.75 527.00 
      
Source: CPF LIFE payout data obtained from CPF website (CPF 2008 and CPF 2009b); payout data for commercial 
annuities from CPF (2007). 
Notes: In 2007, nine commercial annuities are offered. The single premium is the Minimum Sum of S$99,600 paid 
at age 55, and monthly payouts start at age 62. In 2009, only one commercial annuity is offered. The single premium 
is the Minimum Sum of S$117,000 paid at age 55, and monthly payouts start at age 65. The pilot phase of CPF 
LIFE started in Sept 2009. Monthly payouts shown in the Table are for a CPF participant who joins the LIFE plan at 
age 55 with a premium of S$67,000, and starts receiving payouts at age 65. In particular, the parameter inputs 
generating this set of illustrative payouts in the CPF web calculator assume the Singaporean worker was born June 
1958 (so he is age 55 in 2013); his Annual Value = “More than S$11,000”; his Assessable Income =“More than 
S$54,000”.10  
# Annuities offered by NTUC Income and HSBC Insurance allow participation in the profits of the insurer. Bonus 
rates depend on company performance. Accordingly, the payouts for these two annuities here include a projected 
2% bonus with a projected rate of return of 5.25% per annum in line with the benefit illustrations in NTUC Income 
prospectus (NTUC 2009). 
 
Unlike the commercial annuities with a pre-specified premium, CPF LIFE allows any 
retiree with a retirement balance above S$40,000 to annuitize. Thus it is estimated that almost 70 
percent of CPF members turning age 55 in 2013 will be automatically included in the national 
                                                          
10 ‘Annual Value’ is the property value used to calculate the property tax of the CPF member’s home. ‘Assessable 
Income’ is the full income in a calendar year (sum of employment, dividends, interest and other income) less 
allowable expenses, applicable capital allowances, charitable donations and any loss incurred in trade and business.  
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annuity pool (CPF 2009c). The total premium paid by the CPF member at age 55 is split into a 
term and an annuity component (CPF 2008). The term component covers payouts from age 65 to 
a vesting age (which differs across the plans); any unused balance from the term component and 
interest is fully refundable to beneficiaries. The interest earned can be substantial: about 4% 
compounded annually, with a statutory additional 1% paid on the first S$60,000. The annuity 
component then finances payouts from the vesting age to death where unused balances may, or 
may not, be passed on to the beneficiary depending on the plan design.11 Interest earned on the 
annuity component is pooled away to fund the scheme. 
Members can pick from one of the four plans: LIFE Basic, LIFE Balanced (default), 
LIFE Plus, and LIFE Income. Each offers a different combination of trade-off between monthly 
payout and bequest: LIFE Basic offers the lowest payouts with highest bequest, whereas LIFE 
Plus offers higher payouts with lesser bequests. Unlike the other three plans, LIFE Income does 
not allow any opportunity for bequests but compensates by offering the most attractive payouts. 
Overall, the difference in monthly payouts between LIFE Basic and Income is not substantial: 
only S$50 for females and S$100 for males.  
Money-back guarantees have been a feature of the Singaporean pension annuities since 
about Year 2000.12 All the commercial and CPF LIFE annuities examined in this study feature 
dollar guarantees where, in the event of the insured’s death, named beneficiaries will be refunded 
an amount at least equal to the (positive) difference between the guaranteed amount and annuity 
payments made. To some extent, this addresses many individuals’ fear of dying before receiving 
their “money’s worth” from the annuity purchase. It is also attractive in retirement plans where 
                                                          
11 Details on the term and annuity component of the LIFE plans are discussed extensively in the Report by the 
National Longevity Insurance Committee (CPF 2008). 
12 Previously, some commercial annuities offered under the CPF Minimum Sum scheme had 15 year period-certain 
guarantees.   
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annuitization is mandated (such as the CPF LIFE), or set as a default, so that plan participants do 
not view annuitization as irreversibly handing over a lump sum of money to annuity providers in 
exchange for the promise of a slow and uncertain stream of payouts. Guarantee features typically 
result in higher money’s worth for annuitants and need to be properly accounted for in valuation 
exercises.    
 
Valuation Methodology 
The money’s worth methodology, pioneered by Warshawsky (1988) and refined by 
Mitchell et al (1999), has been adopted widely to evaluate the financial value of life annuities to 
retirees. The money’s worth ratio is defined as the Expected Present Discounted Value (EPDV) 
of annuity payments per premium dollar. An annuity with a MWR of one is called actuarially 
fair: retirees get back from the insurer the exact amount that they invested – of course as an 
expected value: some retirees will receive less, while others will receive more.13 Equation (1a) 
shows the conventional EPDV formula used in the money’s worth literature for valuing 
immediate single-life annuities. It depends on three inputs, namely the amount of level annuity 
payout (𝐴𝑎) for an annuity purchased at age 𝑎, the discount factor for month 𝑚 based on a term 
structure of interest rates (𝑣𝑚),14 and the probability that the annuitant will still be alive 𝑡 months 
after the annuity purchase ( 𝑝t a) to collect the payouts:  
EPDV =  � 𝑝t a· ��𝑣𝑚𝑡
𝑚=0
� ∙ 𝐴a.                                                                                                (1a)∞
𝑡=0
 
                                                          
13 Typically, MWR is likely to be somewhat below one since life offices need to cover administrative expenditure 
and generate profit. Also, providers of annuities need to expect some degree of adverse selection and price it 
accordingly: it has been observed world-wide that individuals purchasing annuities have a substantially longer life 
expectancy than the general population. 
14 The discount factor is given by the reciprocal of (1 + 𝑟), where 𝑟 is based on a term structure of nominal interest 
rates. In particular, 𝑣0 = 1 for discounting the first payout from an immediate annuity. 
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EPDV =  � 𝑝𝑡 𝑎 ∙ 𝑞𝑎+𝑡 ∙  ��𝑣𝑚𝑡+1
𝑚=1
� ∙  𝐺𝑡+1  +  � 𝑝t a· ��𝑣𝑚𝑡
𝑚=1
� ∙ 𝐴a ,                         (1b)∞
𝑡=𝐷
 ∞
𝑡=0
 
The formula for valuing capital-protected annuities, such as those offered under the 
Singaporean pension system, is slightly more complex. Specifically, Fong et al (2011) proposed 
the formula in Equation (1b) where the EPDV comprises two summations: the first captures the 
death benefit arising from the money-back guarantee, while the second captures the periodic 
annuity payouts received after the deferral period. Taxes are not included in the valuation 
expression since income from annuities bought with the CPF savings is tax-exempt. The 
additional terms in Equation (1b) include 𝐷 which is the deferred period in months, 𝑞𝑎+𝑡 which 
is the monthly probability to die between ages 𝑎 + 𝑡 and 𝑎 + 𝑡 + 1, and finally 𝐺𝑡+1 which refers 
to the death benefit paid.15 Note that Equations (1a) and (1b) are similar in that they essentially 
account for annuity benefits accruing to the annuitant at each possible age that he is alive. 
An alternative way to specify the EPDV will be to focus on the cumulative annuity 
benefits at each possible age of death. Specifically, we define  𝑞𝑡| 𝑎 to be the probability of dying 
between months 𝑡 and 𝑡 + 1 given survival up to month 𝑡, and 𝑌 to be a random variable taking a 
discrete set of values 𝑌𝑡 equal to the present value of total cumulative benefits received up to the 
month of death. This is given by: 
EPDV =  � 𝑞𝑡| 𝑎 ∙ 𝑌𝑡.    ∞
𝑡=0
                                                                                                            (2) 
This specification is commonly called the ‘actuarial present value’ of an annuity in actuarial 
science. One advantage of this setup is that it standardizes the EPDV computation for most 
single-life annuity products. Specifically, the Appendix shows how Equations (1a) and (1b) can 
                                                          
15 In particular, the death benefit 𝐺𝑡+1 is equal to max{0, premium + accrued interest from guarantee – total annuity 
payouts received prior to time 𝑡 + 1}. 
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both be expressed as Equation (2). Another advantage is that it facilitates the computation of 
higher-order moments, which is necessary to compute measures of dispersion such as variance 
and coefficient of variation. The entire weighted distribution of discounted annuity benefits is 
defined at each discrete death month. Since the weights are normalized such that they sum up to 
one,16 the EPDV is simply the weighted mean of the distribution. In relation, the variance about 
this weighted mean is determined by the interaction of the weights and cumulative discounted 
benefits as we shall demonstrate in the next section. Accordingly, the weighted mean and 
standard deviation are both divided by the premium when presented in money’s worth terms.  
 Valuing an annuity stream requires estimates of the future mortality probabilities facing 
an individual annuitant. Available data from life tables only provides a snapshot of past mortality. 
Future mortality probabilities are then obtained by cohortizing these life tables such that the 
cohortized mortality estimates used for analysis are representative of the mortality of a particular 
individual progressing through life and reflect benefits from longevity increases due to medical 
advances, better prevention, healthier nutrition etc. To allow comparability with prior work, we 
employ identical mortality inputs as Fong et al (2011) for the ‘annuitant group’. These are used 
to value the Year 2007 commercial annuities, and are appropriate since annuitization was then 
voluntary under the CPF Minimum Sum scheme.17  
On the other hand, the Year 2009 NTUC Income and CPF LIFE annuities are valued 
using updated estimates for the ‘population group’ constructed from the 2009 Singapore 
                                                          
16 The individual must die at some terminal age; in this case, we use age 117 as consistent with Fong et al (2011). 
17 In 2007, the default decumulation option under the CPF Minimum Sum scheme was a 20-year phased withdrawal. 
Annuity purchase was voluntary and required a S$99,600 lump-sum premium which only a minority of members 
could afford (Fong et al 2011). Hence, there is reason to believe that individuals who voluntarily purchased the 2007 
commercial annuities tend to be longer-lived, and possibly have higher-than-average net worth. Annuitant mortality 
is based on U.K. a(1990) tables with a five-year setback, and then cohortized. 
14 
 
Resident Population life tables (SDOS 2011). 18  The mortality experience of the general 
population is relevant here since a vast majority of retirees is likely to purchase these products 
under the mandatory annuitization scenario in the near future. When a critical mass of 
participants in the pension system is required to buy an annuity, the administrator is able to pool 
the longevity risk of both the long-lived and short-lived, and is thus presumed to face average 
mortality risk. For discounting the annuity payouts, we employ the same riskless term structure 
of interest rates as Fong et al (2011).19 
In the next section, we first examine the un-weighted distribution of cumulative benefits 
(𝑌𝑡) by plotting and discussing the net present value of the annuity investment as a function of 
age. We then analyze the full distribution of weighted benefits for each of the Singaporean 
pension annuities in order to compute various measures of dispersion such as standard deviation, 
coefficient of variation, and skewness, as well as the internal rate of return. This set of statistics 
not only complements the money’s worth metric, but is also useful in providing retirees with a 
more comprehensive risk assessment of their annuities.  
 
Results  
Net Present Value Analysis  
In this section, we present plots of discounted cash flows that accrue from the purchase of 
single-life, deferred life annuities offered under the CPF retirement system. Note that the 
analysis does not yet involve the death probabilities. In particular, the Net Present Value (NPV) 
                                                          
18 For the ‘population group’, Fong et al (2011) constructed cohortized mortality estimates from the Year 2007 
(preliminary) life tables released by Singapore Statistics in May 2008. In this paper, we use the Year 2009 (actual) 
life tables obtained from the same source as at May 2011. 
19 The first year rate is derived from the 1-year Singapore Government Treasury bill; thereafter, the 2, 5, 7, 10, 15 
and 20-year Treasury bond rates as of 2007 are used to estimate the riskless spot rates (MAS 2008). Annual spot 
rates range from 1.4% to 3.44%. Since the maximum duration available is only 20 years, we applied this last spot 
rate for periods after 20 years. 
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of the cumulative annuity benefits is given by 𝑌𝑡 minus the premium. Because the lump-sum 
premium constitutes a large negative cash outflow, NPV of an annuity investment generally 
starts negative before it gradually increasing over the annuitant’s lifetime. NPV visuals provide 
useful information that may help less financially literate retirees better understand their annuity 
contract by answering three critical questions: 
1. How long do I need to live to in order for the discounted benefits to exceed my 
initial outlay? (“cross-over age”) 
2. What is the “worst time to die”? 
3. On average, what is the chance that I will lose or win on the deal? 
Among the commercial annuities offered in 2007, the annuity sold by OAC offers 
payouts most representative of the sex-specific average payouts in Table 1. Thus supposing a 
male CPF participant purchased the OAC annuity for S$99,600 at age 55 and lives to the 
terminal age of 117, the NPV profile of his annuity investment will be as shown in Figure 1. Two 
interesting points emerge from the Figure. First, the presence of the capital guarantee negates 
potentially large negative NPV losses in the early years. This is especially so over the seven-year 
deferment period from age 55 to 62.20 After the monthly payouts start at age 62, the NPV 
becomes more and more negative because the guarantee is reduced by the payout steam, and 
interest no longer accrues on the guarantee. Nonetheless, the presence of the guarantee 
effectively defers the “worst time to die” to about age 78.25, which is the minimum point of 
negative 35 thousand in the NPV graph. This point coincides with the time when the capital 
guarantee is almost depleted. (Without the guarantee, the NPV will be negative 99.6 thousand at 
                                                          
20 The jagged portions between ages 55 – 62 in Figure 1 are due to stepped increases in the guarantee amount 
accruing from accrued interest of 0.75% per annum (up to age 62), as well as the non-monotonicity of the discount 
rates. Accrued interest on the guarantee does not exceed 2.5% for the rest of the annuities; three insurers do not pay 
such interest. Over time, the guarantee starts to wear off due to discounting and the commencement of payouts. 
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age 55, and the “worst time to die” would have been just after handing the money over to the 
insurer). Second, the “cross-over age” (or “break-even age”) for the commercial pension annuity 
apparently occurs rather late in life. The Figure shows that the male annuitant has to live past age 
93.4 (point where the NPV curve crosses the x-axis) before he can recoup his up-front premium 
invested.  
 
Figure 1 
Net Present Value of Cumulative Annuity Benefits (2007; OAC annuity; Male) 
 
 
Note: Computations pertain to a male CPF plan participant who purchases the annuity offered by Overseas 
Assurance Corporation under the CPF retirement scheme in 2007. His entry age is 55; premium is S$99,600; 
monthly payouts of S$535.35 start at age 62.  
 
At first glance, these statistics may seem surprising if compared with population life 
tables. The 2007 Singapore Resident Population tables estimate that a 55-year-old male is 
expected to live to only about age 80.4, and even supposing that he survives to age 62, the 
additional number of years he can expect to live is only 19.5 (i.e. expected death age is 81.5). If 
so, then the annuities offered by private insurers can be costly for the average retiree even with 
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the money-back guarantee feature. Nonetheless, population period tables may not be an 
appropriate benchmark for comparison since they do not factor in mortality improvements; 
moreover, annuitants tend to live longer than the average population. Using our cohortized 
annuitant mortality estimates instead, the average age of death for a male annuitant is actually 
around 89.3 and the most probable age of death is between 95 and 96. This suggests that he can 
most probably live past the “worst time to die”. The seemingly late “breakeven age” is also put 
in perspective; in fact the exact probability of a 55-year-old male annuitant eventually “winning 
the bet” (living past 93.4 years-old) is actually about 42.8%. 
Corresponding analysis for a female annuitant who purchases the OAC life annuity 
shows similar patterns. Her “worst time to die” to about age 79.5 and because of lower monthly 
payouts, she has to live longer (“breakeven age” of 98.6) than the male annuitant before she 
recoups her investment in present value terms. Her probability of “winning the bet” is 47.7%. In 
other words, about 52% of female retirees who buy the annuity will lose on the deal. In sum, our 
results show that there is generally a 50-50 chance of profiting financially from the deal for a 
CPF member who chose to annuitize in 2007. 21 A notable exception is the NTUC Income 
annuity which offered retirees substantially higher payouts, as well as a higher accrued interest 
on the guarantee during the deferral period. These features worked in favor of annuitants 
resulting in a higher assurance of “winning” at 57.0% (males) and 68.7% (females). In addition, 
the cross-over ages are lower at 88.25 (males) and 90.83 (females) respectively.  
Turning our attention to the newly-launched CPF LIFE annuities, Figure 2 shows the 
NPV profiles for each of the four products based on their illustrative payouts as at Sept 2009.22 
                                                          
21 This generalization is made possible because the nine annuities (provided by eight different insurers) offered 
largely similar specifications: a S$99,600 premium and low variation in sex-specific payouts/benefits across insurers.  
22 A recent cross-check shows that illustrative payouts (based on the CPF web calculator) have not altered much 
since Sept 2009; only small decreases in the range of S$5 – 10 were noted.  
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The payout distributions are quite varied across the four products, which may appear rather 
surprising especially since the monthly payouts did not differ vastly. In particular, the NPV plots 
for the LIFE Basic and Balanced contrasts greatly with those of the LIFE Plus and Income in 
terms of risk and return attributes. Three key observations are worth highlighting here. First, the 
NPV profile of the LIFE Plus plan most resembles that of a commercial pension annuity under 
the CPF scheme (represented by OAC product discussed earlier). Notably, however, the cross-
over age for this government-offered product occurs much earlier at age 79.6 (compared to 93.4 
for OAC). This is good news for CPF plan participants on the whole since it implies a higher 
probability of recouping the annuity premium whilst alive. 
 
Figure 2  
Net Present Value of Cumulative Benefits (Sept 2009; CPF LIFE annuities; Male) 
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Note: Computations pertain to a male CPF plan participant who joins the LIFE plan in Sept 2009. His entry age is 
55; premium is S$67,000; payouts are as illustrated in Table 1 and starts at age 65.  
 
Second, the LIFE Basic and Balanced plans have similar NPV profiles and will likely 
appeal to more risk-averse or conservative investors. By channeling the bulk of the annuity 
premium into the term component (~ 91% and 70% respectively), these plans relatively higher 
bequests since interest earned on the term component is refundable to beneficiaries upon death, 
in addition to the annuity component. This substantial death benefit protects the plans from 
dipping into negative NPV territory over the lifetime of the retiree. Quite strikingly, the profiles 
both exhibit strictly positive NPV at all ages which means that a CPF retiree who opts for either 
of these plans will “win” financially on the investment from Day One! From this perspective, it 
appears that CPF Board’s decision of setting LIFE Balanced as the default option under the 
mandatory annuitization scheme is judicious. Under the LIFE Balanced plan, a retiree will never 
experience a financial loss in net present value terms, regardless of when he dies; this insight 
may help mitigate potential public dissent against the annuitization mandate to be rolled out in 
Year 2013. Payoff prospects are also slightly better under LIFE Balanced than LIFE Basic 
should the annuitant live a reasonably long life, say above age 90. 
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A third observation is that seemingly trivial differences in monthly annuity income (on 
the scale of about S$50 to 100) become greatly magnified at advanced ages. Supposing the CPF 
LIFE participant lives to the terminal age of 117, she can obtain almost double the financial 
gains by opting for the Income plan (NPV S$80 thousand) as opposed to the Basic plan (NPV 
S$45 thousand) for the same premium invested. A cross-sectional comparison at older ages (say 
beyond 90) shows that the LIFE Plus and Income plans offer superior cumulative discounted 
annuity benefits as compared to LIFE Basic and Balanced. This has important implications. 
While the death benefits may seem attractive if the retiree dies shortly after purchasing the 
annuity, it actually becomes less of a concern if the retiree is likely to live a reasonable amount 
of years after annuity purchase.23 Based on our 2009 cohortized mortality estimates, the average 
age of death for a male randomly drawn from general population is 87.2; the most probable age 
of death is between 93 and 94. While these estimates may seem rather high with our current 
understanding of mortality, this may not be the case next generation, after 30 years of continued 
improvements. Together, these mortality estimates suggests a male LIFE plan participant can 
likely make it past the break-even ages (approximately age 80) given in both the LIFE Plus and 
Income plans, and he could potentially take advantage longevity to reap larger financial gains.24 
Our results also suggest that by forfeiting the need for bequests, the annuitant can possibly obtain 
a higher NPV on his investment assuming survival to older ages. The NPV analysis seeks to help 
less financially sophisticated retirees gain insights their annuity investment; nonetheless, it does 
                                                          
23 This is because the death benefit wears down as monthly payouts accumulate. 
24 The LIFE Income plan channels 100% of the premium into the annuity component. In addition, any unused 
balance (premium less payouts made) is non-refundable to beneficiaries. Hence, this product offers no death benefit 
although it offers the most attractive monthly payouts as a trade-off. LIFE Plus is similar, except that any unused 
balance is refundable to one’s estate. This explains why its NPV profile does not dip into the negative region as 
much as the Income plan in early years. 
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not incorporate important information on death probabilities. We will turn to an evaluation of the 
weighted annuity benefits next. 
 
Statistical Measures 
The money’s worth ratio is computed by dividing the EPDV that results from evaluating 
Equation (2) by the annuity premium. While this scale-free metric is useful in our context for 
comparing the expected financial value across various annuity products, it evaluates only one 
aspect of the annuity investment. The consideration of risk attributes adds another important 
dimension to the investment decision. In this section, we study the weighted distribution of 
cumulative annuity benefits, comprising the set of mortality weights ( 𝑞𝑡| 𝑎) and random variable 
𝑌𝑡 , to compute risk statistics such as standard deviation and skewness. The coefficient of 
variation (CV) statistic, a normalized measure of risk, is particularly useful in guiding investment 
decision-making. It is defined as the standard deviation divided by the mean of a random 
variable, thus combining both the return and risk attributes of the annuity. In addition, insurance 
researchers commonly use the CV measure to compare risk across lines of business. For instance, 
Bühlmann and Gisler (2005) find claim size CV values ranging from two (for household and 
motor hull insurance) to around nine (for motor liability and workers’ compensation insurance).   
Table 3 reports the results for all the Singaporean pension annuities offered in 2007 and 
2009, by gender. Focusing first on the products in the earlier year, we observe that a male 
annuitant would have obtained an average MWR of 0.948 from his annuity purchase, or about 95 
cents per dollar premium invested. 25 Correspondingly, the average MWR for a female annuitant 
                                                          
25 MWR values are not weighted by the market share of each insurer for annuities purchased using CPF monies as 
there is no publicly available data in that aspect. 
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is 0.957.26 More importantly, we find evidence of substantial volatility in the weighted benefits 
distribution. The average standard deviation is about .159 for females, and even higher for males 
(.182). This translates to rather wide uncertainty intervals; on average, moving one standard 
deviation away from the weighted mean (or the MWR) results in a 17 – 19% change in annuity 
returns.27 To the extent that weighted annuity benefits may potentially be spread out over a large 
range of values, it is critical to assess the volatility of an annuity investment in addition to its 
money’s worth. Evaluating across products, we see that although the NTUC Income annuity 
offers male annuitants the highest MWR value (1.053), it is also accompanied by higher-than-
average risk in terms of standard deviation (.201). 
 
Table 3 
Statistical Measures for Benefits received from Nominal Life Annuities Offered by Private 
Insurers and the CPF Board under the CPF Scheme (Males; 2007 and 2009) 
 
 Males Females 
Company / Annuity MWR (SD) 
Interval 
within 1SD CV Skew 
MWR 
(SD) 
Interval 
within 1SD CV Skew 
2007         
Commercial Annuities         
Asia Life Assur. .896 
(.172) 
[.724, 1.068] .192 -.128 .885 
(.145) 
[.740, 1.029] .163 -.524 
American Int. Assur. 
(AIA) 
.934 
(.188) 
[.746, 1.122] .201 -.158 .990 
(.177) 
[.813, 1.167] .178 -.626 
Aviva .985 
(.195) 
[.790, 1.180] .198 -.127 .982 
(.165) 
[.817, 1.148] .168 -.546 
Great Eastern Life .947 
(.183) 
[.764, 1.130] .193 -.117 .941 
(.155) 
[.786, 1.096] .165 -.526 
Great Eastern Life 
(with long-term care) 
.884 
(.161) 
[.723, 1.045] .182 -.085 .863 
(.134) 
[.729, .997] .155 -.456 
Overseas Assur. Corp. 
(OAC) 
.947 
(.183) 
[.764, 1.130] .193 -.117 .959 
(.160) 
[.798, 1.119] .167 -.543 
Prudential Assur. .915 
(.180) 
[.735, 1.095] .197 -.143 .876 
(.142) 
[.734, 1.019] .162 -.514 
                                                          
26 These values derived our alternative algorithm are identical to those reported by Fong et al (2011) using annuitant 
mortality. The values for some products may not tally exactly because of slight corrections with regard to the 
interest on guarantees, and the small upward revision of the bonus payouts for the two participating annuities. 
27 Our analysis sample features capital-protected annuities; non-capital protected products may potentially exhibit 
even higher variability in the discounted benefits structure. Results (not presented here) show that removing the 
money-back guarantee for the representative OAC annuity results in the standard deviation almost doubling to 0.328. 
Hence, our results here are probably a lower bound of the amount of volatility in annuity investments.  
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 Males Females 
Company / Annuity MWR (SD) 
Interval 
within 1SD CV Skew 
MWR 
(SD) 
Interval 
within 1SD CV Skew 
HSBC Insurance .975 
(.176) 
[.799, 1.150] .180 -.052 1.028 
(.170) 
[.858, 1.197] .165 -.512 
NTUC Income 1.053 
(.201) 
[.852, 1.254] .191 -.072 1.087 
(.184) 
[.904, 1.271] .169 -.525 
Average .948 
(.182)  .192 -.111 
.957 
(.159)  .166 -.530 
         
2009         
Commercial Annuities         
NTUC Income Co-op 1.025 
(.204) 
[.821, 1.228] .199 .109 0.980 
(.170) 
[.810, 1.151] .174 -.144 
        
Government-offered Annuities        
LIFE Basic 1.241 (.129) 
[1.112, 1.37] .104 1.022 1.259 
(.142) 
[1.117, 1.402] .113 .609 
LIFE Balanced 1.259 (.226) 
[1.033, 1.485] .179 .423 1.278 
(.220) 
[1.058, 1.498] .172 .046 
LIFE Plus 1.330 (.367) 
[.963, 1.697] .276 -.208 1.355 
(.321) 
[1.034, 1.675] .237 -.526 
LIFE Income 1.317 (.559) 
[.758, 1.875] .424 -.917 1.341 
(.447) 
[.894, 1.787] .333 -1.315 
Average 1.287 
(.320) 
 .246 .080 1.308 
(.282) 
 .214 -.296 
          
Notes: For annuities in 2007, MWR values are computed using 2007 annuitant mortality. For annuities in 2009, 
MWR values are computed using 2009 population mortality. See text for details. 
 
To understand why the observed standard deviation is higher for men than for women, 
we start by examining the mortality weights for each gender. Figure 3A shows the cohortized 
conditional death probabilities ( 𝑞𝑡| 𝑎) for an average male and female annuitant in 2007. Note 
that the curve for males (solid line) peaks at age 96 (most probable age of death) whereas the plot 
for females (dotted line) is more left-skewed, with weights being concentrated at later ages due 
to females longer life expectancies. Using the same age intervals, Figure 3B then outlines the 
extent of the (scaled) deviation of 𝑌𝑡 from its mean. This Figure shows that the random variable 
of cumulative discounted benefits (𝑌𝑡) is inherently more volatile for males (solid line) than for 
females (dotted line) throughout most ages, mainly due to the higher quantum of payouts 
enjoyed by male annuitants. And putting both Figures together, we can further rationalize the 
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relatively higher standard deviation for males: during the time just after the deferral period when 
𝑌𝑡 values are far from its mean (around age 65 – 85), males face much higher death probabilities 
than females. 
 
Figure 3 
Components of the Weighted Discounted Payouts Distribution (2007; OAC annuity; Annuitant 
Mortality) 
 
3A: Cohortized Conditional Death Probabilities, by Gender 
 
 
3B: Scaled Diagram of the Deviation of 𝑌𝑡 from 𝑌�, by Gender 
 
 
Note: On the y-axis, the deviation is computed by (𝑌𝑡 − 𝑌�)2, and then scaled by a factor of 1 million. 
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 Thus far, we have shown that the standard deviation can be used to construct an 
uncertainty interval about the MWR measure. It can also be used to compute the coefficient of 
variation (CV) which allows one to evaluate return-risk attributes across multiple products. A 
smaller CV is preferred because it implies that the product’s risk is lower per unit of annuity 
benefit achieved. Table 3 shows that the ranking of annuities based on the CV metric yields quite 
different results from the money’s worth metric. For example, for male annuitants, the HSBC 
annuity with the lowest CV of .180 would be deemed a better choice than the NTUC Income 
product, which provides the highest money’s worth annuity, but has a CV of .191. Nonetheless, 
the Table shows that the sex-specific CV values do not differ vastly across the nine annuity 
products.  
More broadly, these CV values (averaging .192 for males and .166 for females) appear to 
be relatively very low when compared to other line of insurance business. For example, a study 
by AON (2009) which quantifies the systemic risk or volatility associated with various lines of 
business reports CV values ranging between 0.32 for private passenger auto insurance to 0.80 for 
property insurance in Singapore.28 This suggests that retirees who purchased one such annuity to 
mitigate their longevity risk own a random variable that exhibits very little risk. In particular, the 
guarantee feature that characterizes Singaporean pension annuities results in a superior product, 
eliminating the fear that annuitants end up losing most of their investment by dying early. While 
annuitants may end up winning or losing some money – this is the essence of insurance – these 
gains and losses are not very large; there is little risk involved in the purchase of an annuity.  
Table 3 also shows that the weighted payout distributions for all the annuities offered in 
2007 have mild negative skewness. Skewness coefficients range from -.052 to -.0143 for males, 
                                                          
28 This study extends to 17 countries comprising over 75% of the world’s global premium. In particular, risk is 
defined as the CV of the loss ratio of each book of business. 
26 
 
and are more negative for females. This is not surprising since time-until-death (𝑡 × 𝑞𝑡| 𝑎) is a 
very skewed variable (skewness coefficient of -.359 based on male annuitant mortality). This is 
because few people die at early ages and the bulk of deaths is concentrated between certain age 
intervals, say ages of 87 and 102 for males. However, because discounting effects and death 
benefits at early ages add weight to the left-tail of the weighted benefits distribution, the resulting 
discounted payout pattern is much less skewed, and nearly-symmetric. It is therefore not 
surprising that probabilities for a monetary “win” or “lose” are not very different from 0.5. 
 Turning to the set of annuities offered in 2009, we observe that they exhibit the same 
broad sex-specific differences in terms of risk attributes; variance is higher and skewness is less 
negative for male purchasers. Because these results are computed based on population mortality 
estimates (instead of annuitant mortality), it will not be meaningful to compare them directly 
with the commercial annuities sold in 2007. It suffices to say that the product offered by NTUC 
Income, the only commercial insurer which did not exit the CPF platform, continues to offer an 
annuity with very competitive returns. MWR estimates are close to unity for both genders (1.025 
for males and 0.957 for females). The discounted payout pattern is still roughly near-symmetric 
in spite of the slight positive skewness coefficient for males.  
Consistent with Fong et al (2011), our results show that the MWR estimates are rather 
uniform across the four CPF LIFE plans. Money’s worth range between 1.241 – 1.330 for males, 
and 1.259 – 1.355 for females. If a retiree simply selected a product based on the MWR value, 
then the LIFE Plus plan (highest payouts, least bequest) would be the most attractive.  The varied 
risk characteristics noted across the four plans stands in sharp contrast to the uniform MWR 
values. For male purchasers, standard deviation is four times higher under LIFE Income 
(SD=.559) than under LIFE Basic (SD=.129). The CV values range from as low as .104 to as 
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high as .424. Overall, the LIFE Basic and Balanced are less riskier options than the other two 
plans because of the substantial death benefit refundable to beneficiaries during the early years of 
the investment. This also results in their payout distributions being positively skewed since more 
annuity benefits are derived earlier in life. It is therefore not surprising that the CPF Board has 
selected the LIFE Balanced plan to be the default vehicle for CPF members under the 
annuitization mandate since it offers retirees a moderate mix of benefits and risk. Nonetheless, if 
a retiree is to choose a plan based on risk-return characteristics, then the LIFE Basic plan (lowest 
payouts, highest bequest) will be the most appealing given its lowest CV value for both genders.   
It is also noteworthy that the LIFE Income plan risk-return attributes are dominated by 
the Plus plan. The MWR estimate for LIFE Plus is 1.330 (as compared to 1.317 for Income plan), 
and its CV is also 35% lower. Is the Income plan suitably designed for retirees? On the positive 
end, it contributes to diversity among the LIFE plans and appears to be appropriate for 
individuals who do not mind forfeiting bequests for higher monthly payouts, for example, those 
unmarried or without dependents. On the negative end, a retiree can get better money’s worth 
from the Plus plan with lower risk. One nuance is that the retiree can possibly attain a higher 
maximum net present value of benefits under LIFE Income (depicted earlier in the NPV plots) 
but this advantage only emerges at very advanced ages. Even at age 100, the NPV from both 
plans are comparable, and would not likely justify opting for the Income plan over the Plus plan. 
The Income plan is so inherently risky that its CV value (.559) is more than quadruple that of the 
Basic plan (0.129), and is more than double that of the commercial annuities (0.182). This risk is 
also expressed in terms of its negative skewness since the bulk of the benefit flows to the 
annuitant only later in life.  
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Internal rate of return 
 All previous calculations are sensitive to the current structure of risk-free interest rate, 
which may, and probably will, change over the life of the annuitant. The Internal Rate of Return 
(IRR) avoids this problem by calculating the constant rate of interest that equates the present 
value of discounted payments to the initial investment. To implement this for the Singaporean 
pension annuities, Equation (1b) is simplified to: 
Annuity single premium =  � 𝑝𝑡 𝑎 ∙ 𝑞𝑎+𝑡 ∙  𝑣t+1 ∙  𝐺𝑡+1  +  � 𝑝t a· 𝑣𝑡 ∙ 𝐴a ,                      (3)∞
𝑡=𝐷
 ∞
𝑡=0
 
 
and solved for the constant 𝑣. The IRR is typically viewed as an indicator of the efficiency, 
quality, or yield of an investment, and allows comparison across financial investments. For 
example, Murthi et al (2000) adopted a similar approach to analyzing the compulsory annuity 
market in the U.K. Their analysis replaced the EPDV with market-based annuity rates in order to 
solve for the interest rate. Using a term structure of interest rates, the authors solved for the so-
called annuity margin, which represents the reduction in yield relative to the returns on 
underlying investment vehicles such as U.K. government bonds. They find that for a typical 65-
year old male, annuitization typically involves an annuity margin of the order of 1 percent.  
Our results show that the IRR for the representative OAC annuity compares favorably 
with the risk-free yield on Singapore Treasury securities. The IRR values are 3.04% and 3.16% 
for male and female annuitants respectively, which are higher than the yields on one-year 
Singapore Treasury T-bill (2%) and five-year bond (2.33%) as at end 2007.29 This confirms our 
impression that the annuities offered by commercial insurers in 2007 were outstanding financial 
products. The government-offered annuities that replaced them in 2009 are, however, superior. 
                                                          
29 Source: Historical Prices – SGS Prices and Yields for Benchmark Issues (https://secure.sgs.gov.sg/fdanet/) 
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The estimated IRR of the four LIFE plans ranges from 4.51% to 4.79%, substantially higher than 
the yields on Singapore Treasury T-bill (0.55%) and five-year bond (1.40%) as at end 2009. 
 
Conclusion 
 All insurance products, and annuities among them, involve an element of risk to the 
policyholder. The MWR, being the expected value of the discounted return per dollar invested, 
does not capture risk.  Despite the substantial subsidy implied by annuities with high MWR 
values close to (or exceeding) unity, it is possible that retirees could be detracted from the 
purchase of an annuity by the risk of losing a substantial part of their investment in case of early 
death – one of the arguments often mentioned to explain the “annuity puzzle”, or the empirical 
observation that annuity markets around the world are not very developed. In this article we 
provided some insights into the imbedded risk of the pension annuities offered in Singapore. We 
examined the entire distribution of weighted benefits, and calculated key measures of dispersion 
such as standard deviation, coefficient of variation, and skewness 
We find that a 55-year-old annuitant who purchased a commercial annuity in 2007 under 
the Singaporean pension system has almost 50 percent chance of recouping the premium even 
though the break-even age occurs late in life. While annuitants may lose some of their 
investment (negative NPV in early years), this is typical of all insurance contracts. Nonetheless, 
the presence of the money-back guarantee buffers the loss, limiting the maximum loss to about 
one-third of the premium. This “worst-time to die” is estimated to occur at about age 78 for a 
male annuitant. After that age, net return to the annuitant progressively increases, and he can 
hope to break-even on his investment about past age 90.  While this break-even age seems high 
based on our current understanding of mortality, this may not be the case after decades of 
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continued mortality improvements. Past the break-even age, the net return to the annuitant 
becomes positive, and may reach tens of thousands of dollars for long lives. 
Our results also show that the four new government-offered annuities vary widely in 
terms of risk attributes despite their uniform money’s worth valuations. Among the four LIFE 
plans, LIFE Plus offers the highest money’s worth. However, LIFE Basic has the lowest CV 
value for both genders, and is most attractive when judged based on both risk and return 
characteristics. The Basic and Balanced plans exhibit rather similar NPV profiles whereby 
substantial death benefits protect annuitants from net losses (or negative NPV) in the early years;  
payout distributions are positively skewed since more annuity benefits are derived earlier in life. 
The riskier options, LIFE Plus and Income, promises slightly higher expected mean returns but 
the additional volatility in returns associated with both products results in coefficient of variation 
values that are about double or quadruple that of the LIFE Basic. These plans may thus appeal to 
more risk-loving investors, or separately, long-lived annuitants who can foresee themselves 
living to a ripe old age to reap large financial gains. At the terminal age of 117, a male annuitant 
who opted for LIFE Plus or Income will achieve net gains about 1.3 to 1.8 times that of a LIFE 
Basic holder, for a given premium. Interestingly, the LIFE Income plan risk-return attributes are 
dominated by the Plus plan which makes it less attractive between the two. 
Overall, the Singaporean pension annuities are low-risk, high-return financial products 
that should be very attractive to retirees seeking longevity insurance. This is for the most part 
due to the guarantee offered to retirees that, in case of early death, their contributions will be 
returned to beneficiaries. Not only do the annuities offer superior returns (especially the new 
CPF LIFE plans) but the risk retained by annuitants is low. When compared to other lines of 
insurance products, such as auto insurance or property insurance, the coefficient of variation for 
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the Singaporean pension annuities are at the low end. In addition, the internal rates of return on 
these pension annuities exceed the yields of Singaporean Treasury securities. The CPF LIFE 
contracts appear to be uniquely generous and sufficiently diverse, and should be very popular 
with future retirees. 
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Appendix 
For immediate single-life annuities, Equation (1a) can be written as (see Bowers et al, 1997)30: 
EPDV =  𝐴a ∙� 𝑝t a· ��𝑣𝑚𝑡
𝑚=0
�                                                        ∞
𝑡=0
 
=  𝐴a ∙� 𝑝𝑡 𝑎 ∙ 𝑞𝑎+𝑡· ?̈?𝑡+1|������                                   ∞
𝑡=0
 
=  � 𝑞𝑡| 𝑎 ∙ 𝑌𝑡∞
𝑡=0
  
where 𝑌𝑡 =  𝐴a ∙ ?̈?𝑡+1|������. 
For immediate single-life annuities with money-back guarantees, such as the Singaporean 
pension annuities, Equation (1b) can be written as: 
EPDV =  � 𝑝𝑡 𝑎 ∙ 𝑞𝑎+𝑡 ∙  ��𝑣𝑚𝑡+1
𝑚=1
� ∙  𝐺𝑡+1  +  𝐴a ∙ � 𝑝t a· ∞
𝑡=D
��𝑣𝑚
𝑡
𝑚=1
� ∞
𝑡=0
 
=  � 𝑝𝑡 𝑎 ∙ 𝑞𝑎+𝑡 ∙  ��𝑣𝑚𝑡+1
𝑚=1
� ∙  𝐺𝑡+1  +  𝐴a ∙� 𝑝𝑡 𝑎 ∙ 𝑞𝑎+𝑡· ∞
𝑡=𝐷
��𝑣𝑚
𝐷
𝑚=1
� ∙  ?̈?𝑡−𝐷+1|����������� ∞
𝑡=0
 
=  � 𝑞𝑡| 𝑎 ∙ 𝑌𝑡∞
𝑡=0
 
where  
𝑌𝑡 =  
⎩
⎪
⎨
⎪
⎧��𝑣𝑚
𝑡+1
𝑚=1
� ∙  𝐺𝑡+1,                                                                  𝑓𝑜𝑟 𝑡 < 𝐷
 ��𝑣𝑚𝑡+1
𝑚=1
� ∙  𝐺𝑡+1 +  ��𝑣𝑚𝐷
𝑚=1
� ∙  𝐴a ∙  ?̈?𝑡−𝐷+1|�����������,            𝑓𝑜𝑟 𝑡 ≥ 𝐷.   
 
                                                          
30 Bowers et al (1997, p. 143) provide proof for the following mathematical equivalence: Actuarial Present Value of 
an annuity = ∑ 𝑝t a 𝑣𝑡  ∞𝑡=0 =  ∑ (?̈?𝑡+1|������ 𝑝𝑡 𝑎 ∙ 𝑞𝑎+𝑡)∞t=0 . 
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Definitions 
• 𝑎 is the age at which the annuity is purchased,  
• 𝑡 is the number of months beyond the annuity start date,  
• 𝐷 is the deferred period in months, 
• 𝑝𝑎𝑡  is the probability that an individual of age 𝑎 survives after 𝑡 months, 
• 𝑞𝑎+𝑡 is the monthly probability to die between month 𝑎 + 𝑡 and 𝑎 + 𝑡 + 1, 
• 𝑣𝑚 is the discount factor for month 𝑚 based on a riskless term structure,  
• 𝐺𝑡+1 is the death benefit paid: 𝐺𝑡+1 = 𝑚𝑎𝑥{0,𝑝𝑟𝑒𝑚𝑖𝑢𝑚 + 𝑎𝑐𝑐𝑟𝑢𝑒𝑑 𝑖𝑛𝑡𝑒𝑟𝑒𝑠𝑡 − 
𝑡𝑜𝑡𝑎𝑙 𝑎𝑛𝑛𝑢𝑖𝑡𝑦 𝑝𝑎𝑦𝑜𝑢𝑡𝑠 𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑑 𝑝𝑟𝑖𝑜𝑟 𝑡𝑜 𝑡𝑖𝑚𝑒 𝑡 + 1}, 
• 𝐴𝑎 is the monthly level annuity payout for the individual purchasing the annuity at age 𝑎, 
• ?̈?𝑛|��� is the present value of an 𝑛-payment annuity-due. 
 
